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A FORMAL RIEMANNIAN STRUCTURE ON CONFORMAL CLASSES AND 
THE INVERSE GAUSS CURVATURE FLOW 

MATTHEW GURSICY AND JEFFREY STREETS 


Abstract. We define a formal Riemannian metric on a given conformal class of metrics on a 
closed Riemann surface. We show interesting formal properties for this metric, in particular the 
curvature is nonpositive and the Liouville energy is geodesically convex. The geodesic equation for 
this metric corresponds to a degenerate elliptic fully nonlinear PDE, and we prove that any two 
points are connected by a C 1 ’ 1 geodesic. Using this we can define a length space structure on the 
given conformal class. We present a different approach to the uniformization theorem by studying 
the negative gradient flow of the normalized Liouville energy, a new geometric flow whose principal 
term is the inverse of the Gauss curvature. We prove long time existence of solutions with arbitrary 
initial data and weak convergence to constant scalar curvature metrics. This is all a special case 
of a more general construction on even dimensional manifolds related to the criL-Yamabe problem, 
which will appear in |14| . 


1. Introduction 

In this paper we define a formal Riemannian metric on the set of metrics in a conformal class 
with positive (or negative) curvature. Namely, let (M, go) be a compact Riemannian surface with 
positive Gauss curvature Kq > 0, and let [go] denote the conformal class of go- Define 

(1.1) r| = {g u = e 2u g 0 e [g 0 ] : K u = K gu > 0}, 

the space conformal metrics with positive Gauss curvature. Formally, the tangent space to [go] at 
any metric g u e [go] is given by C°°(M). Let K u denote the Gauss curvature of g u e rjh We define 
for (j ),-0 e C°°(M) (cf. Definition 12.31) . 

(1.2) ((0,'0K= f (j)ipK u dA u , 

Jm 

where dA u is the area form of g u . In other words, we weight the standard L 2 metric with the Gauss 
curvature of the given conformal metric. If the Gauss curvature of go is negative, we define 

(1-3) Di = {g u = e 2u g 0 e [g 0 ] = K u = K gu < 0}, 

and the metric associated to this space is given by 

(1.4) {{(j),ip)) u = f (j)i/;(-K u )dA u . 

Jm 

This definition is loosely inspired by the Mabuchi-Semmes-Donaldson mmm metric of Kahler 
geometry, wherein a formal Riemann metric is put on a Kahler class by imposing on the tangent 
space to a given Kahler potential the L 2 metric with respect to the associated Kahler metric. As 
observed in this metric enjoys many nice formal properties, for instance nonpositive sectional 
curvature. Moreover, it has a profound relationship to natural functionals in Kahler geometry 
such as the Mabuchi A-energy and the Calabi energy, as well as their gradient flow, the Calabi 
flow. Based on these excellent formal properties Donaldson proposed a series of conjectures on the 
existence of geodesics, geodesic rays, as well as the existence properties of the Calabi flow. The 
tremendous work of many authors (an incomplete list of references is [3 m 0 El El El ESI m G2]) 
has resulted in the verification of many of these conjectures, which largely centers around a detailed 
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analysis of the very delicate geodesic equation, which can be interpreted as a degenerate Monge- 
Arnpere equation. 

As we will see, there is a tight analogy in many respects between the Mabuchi metric and the 
metric defined in (11.21) . In section [2] we establish a formal path derivative which can be regarded 
as the Levi-Civita connection associated to the metric. Using these we compute the sectional 
curvature, and show that the metric is nonpositively curved. Next, in section [3] we derive the 
geodesic equation. Formal calculations derived using either the path derivative or variations of the 
length functional yield that a one-parameter family of conformal factors u ■ [a, b] -> is a geodesic 
if and only if 


(1.5) 




Ko ~ A 0 n 


= 0 . 


We end section [3] with the fundamental observation that one parameter families of conformal 
transformations are automatically geodesics (Proposition 13.51) . 

Section 0] contains the proof of the existence of C 1,1 geodesics connecting any two points in T|. 
Equation (11. 5 1) turns out to be a fully nonlinear, degenerate elliptic equation. We study a natural 
regularization of (II.5p which renders it a convex, strictly elliptic equation. By maximum principle 
arguments we establish a priori C* 1,1 estimates independent of the regularization parameter, which 
yield the existence of the C 1,1 solution as claimed. With this in place in section [5] we rigorously 
show that the length of the unique regularizable geodesic connecting any two points does indeed 
define a metric space structure (Tfd) (Corollary 15.6j) . and that this metric space is nonpositively 
curved in the sense of Alexandrov (Proposition I5.8[) . The situation is summarized in the following 
theorem. 


Theorem 1.1. Let (M 2 ,go) be a compact Riemann surface. Then (Tf,d) is a length space, with 

any two points connected by a unique regularizable C 1,1 geodesic. Moreover, it is nonpositively 

curved in the sense of Alexandrov. 

Furthering the analogy with the Kahler setting, the metric (11.2)1 is closely associated with the 
gradient flow of the normalized Liouville energy. Previously Osgood-Phillips-Sarnack US! studied 
the negative gradient flow, but with respect to the L 2 metric, yielding an equation which is similar 
to Ricci flow. With the ambient geometry given by the weighted L 2 metric on r+, we arrive at a 
different evolution equation, expressed in terms of the conformal factor as 

du _ | K u 

dt + K u ’ 

where K is the average Gauss curvature. This is a fully nonlinear parabolic equation for u. On 
we arrive at 

du K u 

dt K u ' 

Generically we will refer to these as inverse Gauss curvature flow. Our primary results are as 
follows: 


Theorem 1.2. Fix ( M 2 ,g ) a compact Riemann surface and u e r*. 

(1) The solution to IGCF with initial condition u exists on [0, oo). 

(2) The normalized Liouville energy is convex in time along the flow line, i.e. 
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(3) Given v(x,t) another solution to IGCF, the distance between flow lines is nonincreasing, 
i.e. 

j t d(u(t),v(t )) < 0. 

(4) I/meTj, then the solution converges as t -> oo in the C°° topology to the unique conformal 
metric of constant scalar curvature. 

(5) If u sTf and ( M 2 ,g ) = (S 2 ,gg 2 ), then the solution converges weakly in the distance topology 
to a minimizer for F in the completion (T 1 ,d). 

Remark 1.3. Properties (2) and (3) are directly analogous to results relating the K -energy, 
Mabuchi metric, and Calabi flow (cf. [4]). We emphasize that the point of the hypothesis 
( M 2 ,g ) = (S 2 ,g s 2 ) is that we are NOT yet able to use the IGCF to provide an a priori proof 
of the Uniformization Theorem. We require the existence of a constant scalar curvature metric to 
ensure the convergence of the flow in the distance topology. 

Remark 1.4. Although our results are in the setting of two dimensions, this is actually a special 
case of a more general construction on even dimensional manifolds. In dimensions n > 4, one can 
define a Riemannian structure on subsets of conformal classes satisfying an admissibility condition 
which naturally arises in the study of the <7£.-Yamabe problem. As in the case of surfaces, the un¬ 
derlying metric is closely associated to a functional whose critical points ‘uniformize’ the conformal 
class. This will be presented in a forthcoming article m- 


2. Metric, connection, and curvature 

In this section we define the formal Riemannian metric on the space of conformal metrics of 
positive/negative curvature. Because of the dependence on the sign of the curvature, we will first 
consider the positive case in detail, then provide the corresponding results for metrics of negative 
curvature without (or at most cursory) proofs. 


2.1. The positive cone. Let (M, go) be a closed surface with positive Gauss curvature, and let 
(2.1) T| = {g u = e 2u g 0 : I< u = K (ju > 0} 

denote the space conformal metrics with positive Gauss curvature. The formal tangent space at g u 
is 


( 2 . 2 ) T u Tf = C°°(M). 
Definition 2.1. For a,fl e TuF] - = C°°{M ), define 

(2.3) (( a,/3)) u = f a/3K u dA u , 

JM 


where dA u is the volume form of the metric g u = e 2u go. 

Remark 2.2. To simplify notation, we will often write u e to mean g u = e 2u go € 

Given a path of conformal factors u : [a, b] -»■ and a vector field a = a(-,t) along u, we define 

, n .. D d 1 du. 

(2A) _ a = _„ + (V„a,V„-)„, 


where (•,•)« denotes the inner product with respect to g u . 

Lemma 2.3. The connection defined by \2.f |) is metric-compatible and torsion-free. 
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Proof. Let a , /3 be vector fields along the path u : [a, b] -*■ T*. To simplify notation we will drop the 
subscript u, and all metric-dependent quantities (curvature, area form, etc.) will be understood to 
be with respect to g u . 

We first prove compatibility. This will require us to record the standard variational formulas for 
a path of conformal metrics g = g(t) = e 2u go: 


(2.5) 


Then 


±K,-A&)-2K^ 

Qt V £>+ ' m 


dt 


dt 


9 , 9u 

m dA = 2 u dA ' 


4(( a ./3))=4 f aftKdA 
at dt Jm 


d 


«f + ((«. f «}„ + f M c0j t (KiA) 


(( Qj®" 1 ((®) Qt r " “ 

= i^<x,P}u + ia,^P}u' 

= ((£«,/?»„ + «a,£/3» u . 


Jm y dt' 

f (Va/3 + aV/3, V^)dA 
Jm dt 


To compute the torsion, let u = u(-,s,t ) be a two-parameter family of conformal factors in T*. 
Then 

d 2 u 


D du D du _ d 2 u 1 . du du . 

9s dt dt ds dsdt K u ^ dt 1 ^ ds u dsdt K u '" 9s ’ ' dt 
= 0. 


1 . 9u 9u. 
tHV—’V —}« 


□ 


Proposition 2.4. Given 4>,ip £ T U T|, f/ie sectional curvature of the plane in T M T+ spanned by <f,if 
is given by 


I< 


( 2 . 6 ) 


A' 1 

(0,VO = J — {-\Vcf\l\Vft + 5tt (V</),V^) 2 }dA 

= ~ f -^~\d(t> a dip\l dA u 


< 0. 


Proof. Let u = u(s,t ) be a 2-paranreter family of conformal factors, and a = a(s,f) e T u ( s aP(. 
Using the formula for the connection, we have 


D D d / D x 1 , .D . . 9u. x 

= fe ( a o) + & v <-)) 


(2.7) 


9s v 9f 
d (da 1 
9s *- 9f K u 

= I+ 11. 


K dt ds 

,du 


d cda 1 / . 9it. a 1 1 / r 9a 1 , .9u. x ,du. s 

• *{« + *-*(*». v(*))} + ^«(v{^ + wUv a .v(-))},v(-)) 


,du , 


.du , 


In the following, we will omit the subscript u, and all metric-dependent quantities will be understood 
to be with respect to g u . 

To evaluate /, we will need the variational formulas ()2.5I) along with 

f) f)ni 

7 r<?(v/i,V/ 2 ) = -2—g(v/i,V/ 2 ), /i,/ 2 € C°°(M). 

ds ds 


( 2 . 8 ) 
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It follows that 
1 = 


d r da l 


ds 1 dt 
d 2 a 


kv«,v(|))} 


(2.9) 


dsdt 

1 

- 

K 

l a 


K 
1 dK 
K 2 ds 


dt 

/ . du . x 1 d , ,9u.k 1 , . 3a , 3m , x 

9 ( v “' v( »:» + K + 


K ds 1 


3f 


a 2 ' 


»< Vo ' v( Jsl ) ) 

+ ^Wv«, V<£» - VO, V(£)) 


3s3t H 2 


3s ■ 


3f 


1 / .da. du. s, 1 / , d 2 u . x 


d 2 a 


1 


■ du 


,du 


' dsdt ' 

1 


K ds' 


3a. 3 m, 


3f 


3 2 m 


3s3t H 2 v 3s ■ 
Turning to //, we write 


+ — A (-W V “- V (« » + -9( V <—>-W» + -S< V “- V < — » 


il 


3s dt 


K' 


' dsdt ' 


( 2 . 10 ) 


TT 1 / r 3a 1 / . 3 m . x ,3 m . x 

^ = 7-5(v{—+ - 3u ( v «. v( —UJ.VC —» 


3s' 


dt 

1 / ,3a. ,3 m. x 1 / r 1 / . 3 m. xx ,3m. x 

= 1FS(V( —), Vf^)) + -,,(v(- 9 (Vo,V(-))},V(-)). 


K uy ' dt ds 7 H v l K x dt n ds 

Combining (12.91) and (12.10)) and skew-symmetrizing in s,t, we have 


( 2 . 11 ) 


/ D D D D \ lrl,3M x/ /3 m. x 1 . / 3m x / ,3 m. x 

(& S ■-* ¥> - V- A < a>( va - v( * » - V A <» b(va, v(-)) 

9(v{l 9 (Va,V(§))},V(§))-<,(v{ls(VQ,V(§))},V(§))}. 


K JK ' ’ ’ v 3t 7J 3s 7 v v ds n dt 
To compute the sectional curvature of the plane spanned by { ^, Qjf -}, we take a = in the formula 
above, then take the inner product with (4): 

i/DD D D \du du\ 

'' ds dt dt ds' dt’ ds’ u 

^ / (*|*(| W v<|>. v(|» - *£ A (|W* £>• <» 

+ f )■ v(|)T v(|)) - |,(v{i 9 (v(|), v(|)) } . v(|,)} 

If we integrate by parts in the last two terms, we find 

/{§>(W^(v< |).v(|))},v(|))-| 9 (v { l 9 (v(^),v(g))},v(|))} 


(2.13) 


/{ 


1 3m A /3m x / /3m. /3m. x 

7 f 9 j A ( 8 jW V( » ) ' V( » ) ) 


^(V(|,.V(|)) 9 (V(|),V(|)) 


1 3m . / 3m x / / 3m . / 3m . x 1 / / 3 m . . du . x / ,3 m, .3m, x i 


K ds v 3f 7 v 3s 
Substituting this into (12.121) . we have 


IT 


3f 


3s' 


l(DD 

D D > 

, du 

du\ 

\'dsdt 

dt ds> 

' dt 1 

ds I 


/v{-^(|).v(S)Mv(f).v(f)) + 9 (v(|),v(^„^} 


,3m. 


,3m 


3m, 


3f 


,3m. 


' 3s 


,3m. 


<0, 


(2.14) 
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as claimed. 


□ 


2.2. The negative cone. Now assume (M, go) is a closed surface with Kq < 0, and let 

(2.15) = {g w = e 2w g 0 ■ K w = K gw < 0} 

denote the space conformal metrics with negative Gauss curvature. The formal tangent space at 
9 w is 

(2.16) T u Tf^C°°(M). 

Definition 2.5. For a,) 3 e T U F^ = define 

(2.17) ((a,(3)) u = f a(3(-K w )dA w , 

JM 

where dA w is the area form of the metric g w = e 2w g$. 

As before, we write w e to mean g w = e 2w go e Given a path of conformal factors 
w ■ [a,b] -*■ rj and a vector field a = a(-,t ) along it, we now define 


(2.18) 


D d 1 . dw , 

777 ^ = 777 ^ "*■ ( V w OC i V w ~^r— )i 

at at K w at 


The proof of the next two results are essentially the same as in the case of the positive cone: 
Lemma 2.6. The connection defined by \2.18\) is metric-compatible and torsion-free. 
Proposition 2.7. Given e T w Ff, we have 

(2.19) K{<t>,4!>) = 

3. Geodesics, length, and energy 

Using the definition of the positive cone metric in (12.31) we can also define the associated notions 
of energy and length. 

Definition 3.1. Given a path u ■ [a,b] -»■ r*, the energy of u is 


(3.1) 
where 

(3.2) 

The energy density is 

(3.3) 

The length of u is 

(3.4) 


l r b »duu2 7± i r° r ,ouai Tjr 

[u] ~ 2 la II at I ~ 2 Ja 1 m ( at ) K '" dA '" dt ’ 


dus 


E u {t) = 




I du II 2 

du II 2 
dt ^ 


, du du n 
' dt 1 dt u 


r (dus 2 

Jm dt 


l\ n (l. \ h 


dus 


\dAqt 


dt. 


By taking the first variation of the energy we arrive at the geodesic equation: 

Lemma 3.2. u : [a, b] -> is a geodesic if and only if 

D du d 2 u 1 du 2 
(3 ' 5) °-« 
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Suppose u : [a, b ] -> is a geodesic, and write g u = e 2u go , where go € r^. By the Gauss curvature 
equation, 

(3.6) K u = e~ 2u (K 0 -A 0 u ), 

where Kq is the Gauss curvature of go. Therefore, we can rewrite (13.51) as 


du, 2 


9 2 ti l Vo g t 


(37) 

As we will see in Section [2 this is a degenerate elliptic fully nonlinear PDE. 

In the next lemma we show two basic properties of geodesics. As a preface, we remark that 
there is a canonical isometric splitting of TT+ with respect to the metric. In particular, the real 
line R c T U T^ given by constant functions is orthogonal to 


T °rt := \ai 


f < 

Jm 


aK,.dA „ = 0 


We will see that geodesics preserve this isometric splitting, and are automatically parameterized 
with constant speed: 

Lemma 3.3. Let d> e C 1 ' 


, and u : [a, 6] -> T^ a geodesic. Then 


(3.8) 

In particular, 

(3.9) 


d 

dt 




dA u = 0. 


d r du „ , . 
"77 / 777 KudA u 
dt Jm at 


d r .du. 
dt Jm dt 


■K u dA tI 


0, 

0. 


Proof. Differentiating, integrating by parts, and using the geodesic equation gives 


dt L ^ at = f M { at h ( at*‘ Pi at ) at 

= f U'(A)fj- Ku + J( d A) |v„^| 2 W„ 

Jm V v dt J dt 2 v y dt Jl dt lu > 
r l ,,du^(d 2 u 1 I du, 2 \ T ,. .. 

= JM*(dt){dfi + K:l Vu dtl«} KudAu 


,du, 


0. 


□ 


Choosing 


f{t) 


| tP t> 0 
|0 t< 0, 


with p » 1 large and apply ()3.8D . then in the limit as p -> oo we have the following corollary of 
Lemma 13.31 


Corollary 3.4. If u : [a, b] -> Cf is a geodesic, then sup M || and inf^ are constant in time. 
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3.1. Example: The round sphere. Let ( S 2 ,go ) denote the round sphere. Using stereographic 
projection a : S 2 \ {iV} -»■ R 2 , where N £ S' 2 denotes the north pole, one can define a one-parameter 
of conformal maps of S 2 by conjugating the dilation map 6 a : x a~ l x on the plane with a: 

if a = O’ -1 o 5 a o a : S 2 -*■ S 2 . 

Taking a(t) = e At , where A is a fixed real number, we can define the path of conformal metrics 

r o„/+\ t 2 

(3-10) g(t) = e 2u g 0 = (j)* a g 0 


2 a{t) 


L(i+o+«mi-o 

where £ = x 3 is the coordinate function (see PH)- 
Proposition 3.5. The path u : (-oo,+oo) -> is a geodesic. 

Proof. By (13.101) . 

u = log 2a - log [(1 + £) + a 2 (l - £)]. 
Letting subscripts denote differentiation in t, we have 

a t 2aa t (l-f) 


and hence 


utt 


_ att (at \ _ 

a \ a ) 

Since a = e xt , this simplifies to 
(3.11) 


t a (1 + £) + a 2 (1 - £) ’ 

2 [(1 + 0 + « 2 (1 - 0]( 2aa tt + 2a 2 )(l - £) - 4a 2 a?(l - £) 2 


utt = 


ta+o+^a-or 

-4A 2 a 2 (l - £) 2 

n 2 ' 


[(1 + 0+a 2 (1 _ 0r 
Also, if V denotes the connection with respect to the round metric, 


yu t = 


2aa t \/f 


[d-« 2 m] 


(l + 0 + a 2 (l"0 [(l+0 + « 2 (l-0] 


(3.12) 


2aa f V£ 


[( l +0+a 2 (1 _ 0] - 

4 aat.Vf 


[(l + 0+a 2 (l-0 + (l-0(l-a 2 )] 


n2 ’ 


[( l +0+a 2 (1 _ 0r 

Using the fact that £ satisfies 

(3.13) |V£| 2 = l-£ 2 , 

it follows from (|3.12l) and ()3.13l) that 

4A 2 a 2 (l-0 2 


(3.14) 


= 


[(l + 0 + « 2 (l-£)] 


2 ' 


Since K u = 1 for all t, comparing (|3.11l) and (|3.14l) we see that u satisfies the geodesic equation 

m - □ 
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3.2. Geodesics in the negative cone. Analogous to the definitions for the positive cone, the 
energy and length of a path w : [a, b] -> T{ are 


(3.15) 


, 1 r b ,,dw dw u , 1 r b r ,dws 2 . « . . , 

£M = 2X «aP = 2 l JJm) ^ dA - dt - 


By taking the hrst variation of E we arrive at the geodesic equation for the negative cone: 
Lemma 3.6. w : [a, b] -*■ E[ is a geodesic if and only if 

(3.17) " D9W 9h 

Equation (|3.17j> is equivalent to the PDE 

^ 3 ' 18 ^ ~di? K 0 -A 0 w 

We also have the basic properties of Lemma 13.31 

Lemma 3.7. Let w : [a, b] -> T^ be a geodesic. Then 


_ _ w 1 . dw , 2 

dt dt dt 2 K w ^ w dt 


i dw ,2 

“ + J!isL = o. 


d 

dt 

4. 


d r dw . \i a 

JtJM~di^ w)dAw=0, 

fM ( ~dt )2{ ~ Kw)dAw = 0 - 

Existence of geodesics 


In this section we prove a priori estimates for solutions of the geodesic equation in the positive 
and negative cones. We begin by introducing a regularization of the geodesic equation, then prove 
estimates for derivatives up to order two which are independent of the regularizing parameter. 
Using a continuity argument, we show that classical solutions of the regularized equation exist and 
are unique. This allows us to define the notation of a regularizable geodesic (see Definition 14.191) . 

We begin with estimates for a geodesic u in the positive cone. By Lemma 13.31 we may assume 
u ■ [0,1] ^ T|. Recall from (13.71) that u satisfies the PDE 


(4.1) 


I ^^12 

d 2 u | l v °7^l 

dt 2 Kq - Aqu 


with boundary conditions 


(4.2) 


u(-,0)=u 0 , u(-,l) = ui, 


where uo,u\ e To simplify the notation, in the following we will denote derivatives with respect 
to t by subscripts, and we will omit the subscript 0: all metric-dependent quantities are with respect 
to the background metric go- 

As we will see, (14.11) is degenerate elliptic, so it will be necessary to regularize the equation. 
To simplify some of the estimates, and to clarify the dependence on the boundary data and other 
parameters, we will choose a fairly specific regularization. 

Define the operator 


(4.3) 


Qf{u) = u t t(-Au + K) + |Vut| + /. 
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Suppose u is a solution of 

(4.4) g f (u ) = 0 
with f - 0. If in addition u is admissible , i.e., 

(4.5) -An + K > 0, 

then iier{ and solves ()4.1I) . In Lemma 14.21 we will see that ()4.4jl is elliptic when / > 0, but degen¬ 
erate elliptic when / = 0. Therefore, to prove the existence of solutions of the geodesic equation, 
we proceed as follows: 

(1) Given admissible boundary data uo, u±, we prove the existence of an admissible solution u 
to (|4.4|) . for a specific choice of / = /o > 0. 

(2) For 0 < e < 1 we establish a priori estimates for solutions of 

Qf{u) = 0 (* e ) 

with / = e/o, and subject to the given boundary conditions. 

(3) Linearizing equation (* e ), we show that the set of e e [eo, 1] such that (* e ) admits a solution 
satisfying the given boundary data is open, for any fixed 0 < eo < 1. Combining this with 
the a priori estimates of part ( 2 ), the existence of solutions for all 0 < e < 1 follows. 

(4) Taking the limit as e -> 0, we obtain a solution u of the geodesic equation (14.11) . 

For the first step, let 

(4.6) u = u(x,t ) = (1 - t)uo + tu\ + At( 1 - 1 ), 
where A > 0 will be specified later. We easily calculate 

uu = -2A, 

( 4 . 7 ) -A u + K = (1 - t)(-Auo + K ) + t(-Au\ + it), 

|Vu t | 2 = |V(ui-u 0 )| 2 . 

Since uo and u± are admissible, there is a 5o > 0 such that 

(4.8) (-Att 0 + K)> 6 o, (-Am + K) > 5 0 , 
hence 

(4.9) -A u + K = (1 - t)(-Auo + K) + t(-Aui + K ) > 5q > 0, 
and it follows that u is admissible. By (14.71) . 

(4.10) u t t(-Au + K) + |Vm | 2 = -2A[(1 - t)(-Au 0 + K ) + t(-Am + K )] + |v(m - u 0 )| = —/o, 
Choosing A - Aq > 0 large enough (depending only on the boundary data), we have 

fo = 2 Aq[(1 - t)(-Au 0 + K)+ t(-Aui + K )] - |v(m - u 0 )| 

(4.11) > 2A5q - |V(m - u 0 )| 2 
> 0 . 

Therefore, u satisfies 

(4.12) utt(-Au + K) + | Vm | 2 + /o = 0, 
with /o > 0. We have thus proved 
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Lemma 4.1. Given admissible boundary data uq,u\, there is a function /o > 0 and an admissible 
solution u = u of | f.f\j with f - fo- 


The next step is to prove C 2 -estimates for admissible solutions u of (* e ), where / = e/o, and u 
satisfies the given (admissible) boundary data. To this end, let C denote the linearized operator, 
defined by 


(4.13) 


C u f) = —Q f (u + s(p) 


s =o 


= c/> tt (-An + K) - u tt A(j) + 2(Vui, 


Lemma 4.2. If u is an admissible solution of (* e ) with f > 0, then C u is elliptic. 

Proof. Fix a point (xoUo) an d in normal coordinates at this point let a = Vut(xoUo) an d K = 
(-An + K)(xo,to)- Then the symbol of C is given by 

Tc(£, r)(f) = {nr 2 - u u |£| 2 + 2ra • £} cf. 

Using the equation, we can substitute for utt and write 

\f\ 2 + 2 t a- 

If /> 0 it is clear that 0 £(£,t)</> = 0 if and only if (£,r) = (0,0). □ 


Tc(£, r)(j) = \kt 2 + -\f \ 2 + — 
K K 


4.1. Derived Equations. Before proceeding to the estimates we begin with some preliminary 
calculations. We emphasize that in this subsection we will not make use of the fact that / = e/o; 
we will only need that / > 0. 


Lemma 4.3. Let u be an admissible solution of (* e ), and define 
(4.14) P(t) = t(l-t). 

Then 

C U P = -2(-A u + K). 

Also, if £(t) =t, then 

C u l = 0 . 

Proof. This is a straightforward calculation. 

Lemma 4.4. If u an admissible solution to (* e ), one has 

C u u = -2f -Ku tt 


- -2/ + K 


|Vn t | 2 + / 


(-An + K) 

Proof. We compute 

£ u u = u tt (-Au + K ) - Ui t An + 21 S/u t 

(4-15) = n tt (-An + K) + n (t (-A-u + K - K) + 21 \7u t \ z 

= -2 f-Kutt. 

Since n solves (* e ) we have 

_ |V'»i| 2 + / 

Utt (-An + K) ’ 

and substituting this into (14.1511 gives the result. 


□ 


□ 
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Lemma 4.5. If u is an admissible solution to (* e ), one has 

C u | Vu | 2 > (2A'|Vu | 2 - 2 (VK, Vu}) ^^ - 2(Vu, V/). 

Proof. Differentiating the equation in the i^-coordinate direction gives 
0 = ViS/(u) 

= ViU tt (-Au + A') + u tt (-Vi(Au) + ViK) + 2V k u t ViXJ k ut + Vif- 


(4.16) 

Then 


(4.17) 


£ u |Vu| 2 = (2(Vu tt , Vu) + 2|Vuf| 2 ) (-Art + AT) - u u (2|V 2 u| 2 + 2AT|Vu| 2 + 2(vAu, Vu)) 
+ 2V k ut (2X7kS7iUtXJiU + 2V k V%uViUt) 

= 2 (X7G f (u), Vu) + 2\Vu t \ 2 (-Au + K) - u tt (2|V 2 u| 2 + 2K\ Vu| 2 - 2(VA, Vu)) 
+ 4 V k ViuV k UtViU t - 2(Vu, V/) 

= 2| Vut| 2 (-Au + AT) + (-u tt ) (2| V 2 u| 2 + 2K\Vu\ 2 - 2(VK, Vu)) 

+ 4 V kV iuV kU t V iU t - 2 (Vu, V/). 

Using (* e ) then rearranging terms, 

C u |Vu| 2 = 2| Vu t | 2 (-Au + K) + (2| V 2 u| 2 + 2A|Vu| 2 - 2(VK, Vu)) l V ^l + J 

(-Au + A) 

+ 4 V kV tuV kU t V iU t - 2(Vu, Vf) 

O |V 2 U| 2 n 

= 2 (|Vutf + f) -. ' r + 2|VUi| 2 (-Au + AT) + AV k V tuV k u t V iU t 

(-Au + A) 

+ (2A|Vu| 2 - 2(VK, Vu)) ^j + + 7 ^ - 2(Vu, V/) 


>2|Vut| J 


V 2 u 


\/-Au + K 


Vu t ®Vu t 
|Vui| 2 


V-Au+K 


+ (2A|Vu | 2 - 2 (VK, Vu)) ^ + + ^ - 2 (Vu, Vf) 
> {2K\Vu\ 2 - 2 (VK, Vu)) ^ j + + 7 ^ - 2 (Vu, Vf). 


Lemma 4.6. If u is an admissible solution to (* e ), then 

C Au = 2u l V (~ An + K )! 2 + 1 VzVfcU t VfcUtVi(-Au + A) + (V/, V(-Au + K)) 
(4.18) “ U Utt (-Au + K) + (-Au + K) + (-Au + K) 

- uuAK - 2\V 2 u t \ 2 - 2K\Vu t \ 2 - A/. 

Proof. Using ()4.16[) we take the Laplacian of the equation to yield 
0 = A Qf(u) 

= Vi [ViU tt (-Au + I<) + u tt (-Vi(Au) + Vi AT) + 2 V k u t ViV k ut + Vif] 

= Autt(-Au + K) + 2(Vutt, V(-Au + K )) + utt(-A 2 u + AK) 

+ 2\V 2 u t \ 2 + 2A'|Vuj | 2 + 2(Vu, V(Au)) + A/ 

= C u Au + 2 (Vu a , V(-Au + K)) + u tt AK + 2\V 2 u t \ 2 + 2K\Vu t \ 2 + A/. 


(4.19) 
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Again using (14.161) . we observe 


V(-An + K)) = 2 


(V£/(n), V(-Au + K)) _ | V(-Au + K)\ 

Zi Lb 


(4.20) 


(-A u + K) 


tt " 


^ VjVfciitVj( An + A) ^ 


(-Art + AT) 

(V/, V(-An + A')) 


(-An + AT) (-An + AT) 

Substituting this into the result of (|4.19l) and rearranging terms we arrive at (14.181) . 
Lemma 4.7. If u is an admissible solution to (* e ), one has 

I-'u'U'tt = Attj — 2|Vn^| — /tt- 


□ 


Proof. Differentiating (* e ) twice yields 

[l7/(ii)]tt = Utttt An + A) + 2'Uf^(—Artf) + utt (—An^) + 2{f\J um , Vn^) + 2| Vn^| + ftt 
= C u utt + 2rtttt( — Attf) + 2|Vn^| + /tt, 

and the result follows. □ 


4.2. C°-estimates. We now turn to the estimates proper, and will frequently take advantage of 
the special choice of / = e/o with 0 < e < 1. In particular, we note that |/| < Ce, and 


(4.21) 


mox Adf + EA ]SC , 

Mx[0,l] L / 2 / J 


where C only depends on the boundary data no,ni. In addition, since 

(4.22) /o = 2A 0 [(1 - t)(-Auo + K) + t {-Am + AT)] - |V(«i -n 0 )| 2 
is linear in t, it follows that 

(4.23) f tt = 0. 


Proposition 4.8. If u is an admissible solution to (* e ), then there exists a constant C which 
depends on the boundary data and min^ K, such that 

sup \u\ < C. 

Mx[ 0,1] 


Proof. First we observe that equation (* e ) and the assumption that / > 0 imply that uu < 0. Using 
this and the fundamental theorem of calculus yields a lower bound for u depending on inf^ no and 
inf m u\. 

To obtain an upper bound, let A > 0 (to be chosen later) and define 

u = u - At( 1 - t). 

Then by Lemmas 14.31 and 14.41 

C u u = -2/ + Kp^J- + 2A(-Au + AT) 

(-An + A) 

>-2f + 2A(-Au + K). 

If we choose A large enough (depending on minjvf AT and maxAf x mi] /), it follows from the maximum 
principle that n cannot have an interior maximum. Therefore, 


sup u = sup n = sup n, 

Mx[0,l] Mx{0,l) Mx{0,l} 

and n has an upper bound depending on A = A(minM K, max Mx mi] /) and sup M no,sup M ui. □ 
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4.3. (^-estimates. 


Proposition 4.9. If u is an admissible solution of (* e ), then there is a constant C (depending on 
uq and u\) such that 

sup \ut\ < C. 

Mx[ 0,1] 

Proof. Since utt < 0, it suffices to prove an upper bound for ut at t = 0 and a lower bound for ut at 
t = 1. 

To establish an upper bound at t = 0 we will construct a supersolution to the equation. Let 

(4.24) w = w(x, t ) = u(x, t ) - uq(x) - At( 1 -t) - Bt 

where A,B> 0 are constants to be specified later. Note by the definition of C u , 

r |Vn t | 2 + / 

C-uUq = 7—r- 777 Au 0 . 


(-A u + AT) 


Therefore, by Lemmas 14.31 and W. 


I vutr + / 


C u w = - 2 / + —- ——(!< - A u 0 ) + 2A(-Au + K). 
(-An + A) 


Since no is admissible, 


and it follows that 


kq = min(A’ - Ano) > 0 , 


C u w > - 2 / + 


«o/ 


(-An + K) 


+ 2A(-Au + K). 


Also, 


hence 


2V2^ 0 / < , a K0/ + 2A(-An + K ), 

(-An + A) 


£ u n; > -2/ + 2^2 An 0 f 

= 2\/~f{ ~ \ff + \/2Akq). 

In particular, if we choose A > 0 large enough depending on maxM / and kq, then C u w > 0, and by 
the maximum principle w cannot have an interior maximum. Notice w(x, 0) = 0, while 

w(x, 1) = u\(x) - uq(x) - B. 

Therefore, if we choose B large enough (depending on max^ui and miri/vf no), we can arrange so 
that w(x, 1 ) < 0 , and consequently 


Therefore, for t> 0, 


max w < 0 . 
Mx[0,l] 


w(x,t) u(x,t) - uq(x) - At(l-t) - Bt 


t t 

and letting t -> 0 + we conclude 

Uffx. 0 ) <(A + B). 

To prove a lower bound for ut at t = 1, we define 

ui(x,t) = u\(x) - u(x,t ) + At( 1 -t) + Bt , 
and the argument proceeds as before. 


< 0 , 


□ 
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Proposition 4.10. If u is an admissible solution to (* e ), then there is a constant C depending on 
the boundary data uq,u\ and miri/vi K, such that 

sup |Vit < C. 

Mx[ 0 , 1 ] 

Proof. If the supremum of |Vu| is attained when t = 0 or t = 1 then we are done. Therefore, assume 
Vu| attains an interior maximum. Let A > 0 (to be chosen later) and define 

(4.25) if = |Vu| 2 - Af(l - 1). 

By Lemmas 14.31 and 14.51 

C u if > (2A'|Vu| 2 - 2(VAT, Vu)) ^ - 2(Vu, V/) + 2A(-A u + K ). 

We may assume that |Vu| is large enough so that 

2A'|Vu| 2 - 2(VAT, Vu) > K\ Vu| 2 , 


hence 


Since 


we have 


C u if > I<\ Vu| 2 - + l - - 2(Vu, V/) + 2A(-Au + A") 

(-A u + A) 

A7|Vu | 2 


(-Au + K) 


2(Vu, V/) + 2A(-Au +AT). 






(2 A 7 !Z r) ( - A “ + A ' ) ' 


Choosing A » 1 large enough (depending on max Mx [ 0 ) i] |V/ // and min^f A) we can arrange so 
that 


C-ui’ > 0 , 

hence by the maximum principle if cannot have an interior max. Since if = |Vu | 2 on M x {0,1}, we 
conclude 


sup if = sup if = sup |Vu| 2 . 
Mx[0,l] Mx{0,l} Mx{0,l} 


□ 


4.4. C 2 -estimates. 

Proposition 4.11. If u is an admissible solution to (* e ), there exists a constant C such that 


sup |Au| < C. 

Mx[0,l] 
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Proof. Let Q = -Au + K; then it suffices to prove a bound for sup M \Q\. Since u is admissible, Q > 0 
and so we only need to prove an upper bound for Q. By Lemma 14.61 

CM- - |VQ ' 2 




V,;VfcU t VfcUfVj(5 „(V/, S/Q) 


(4.26) 


Let 


Q Q 

+ 2\V 2 u t \ 2 + 2K\Vu t \ 2 + A/ 

r, |VQ| . Vi VfcUt VfcUl ViQ r, 

> — -4---2 


Q 


Q 


Q 

(v/,vQ) 

Q 


+ A/. 


IT = Q-Af(l-f), 


where A > 0 will be chosen. Then 


(4.27) 


: u if>_ | W^v^v- ir _ 2 iLLliO 
o o o 


■ + A/ + 2AQ. 


If Q attains its maximum when t = 0 or t = 1, then we are done. Therefore, assume Q has an 
interior maximum, and furthermore that max^ x p.i] Q > 1- Then at the point where Q attains its 
maximum, VQ = 0 and (14.271) becomes 


C U W > A/ + 2AQ 
> A/ + 2A. 


However, if A > 0 is chosen larger than rriiry/ W - x r 01 ] A/, then we have A U VL > 0, a contradiction. □ 
Proposition 4.12. If u is an admissible solution to (* e ), then there is a constant C such that 

sup \u tt \= sup \u tt \. 

Mx[0,l] Mx{0,l} 


Proof. Since utt < 0, we only need to estimate the infimum of utt- 

For the proof we will use the special form of the function /. Recall / = e/o, where /o is given in 
(14.111) . As we observed in (14.2.31) . 


ftt = o. 


Therefore, by Lemma 14.71 


I-'u'Utt ~ 2iiff! Aui 21 ftt 

= 2 utttAut - 2\'Vutt\ 2 ■ 


It follows from the strong maximum principle that utt cannot have an interior minimum, and the 
lemma follows. □ 


Proposition 4.13. If u is an admissible solution to (* e ), then there is a constant C such that 

sup \\uu\ + \Vu t \ + \S7 2 u\]<C. 

Mx{ 0,1} 

Proof. Observe that a bound for |V 2 u| on the boundary is immediate. If we can prove a bound on 
the ‘mixed’ term then restricting to equation to t = 0 we have 

0)( - Au 0 + K) + |Vu t (-,0 )| 2 + / = 0, 


do sup ( -u tt (-, 0)) < sup|Vu t (-,0 )| 2 +C, 

M M 


hence 
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where 


do = min ( - Auo + K) > 0. 

M v ' 


Therefore, a bound on |Vwt| implies a bound on \uu\- 

To prove a bound on S7ut we consider the following auxiliary function $:Mx[0,r]-»l, where 
0 < r < 1 will be chosen later: 

(4.28) T = |V(n - tio)| + ^(rt - uo) - Bt( 1 - t ), 

where A,B>0 are to be determined. 

We claim that by choosing A,B » 0 large enough and r > 0 small enough, that T attains a 
non-positive maximum on the boundary of of M x [0,r]. Assuming for the moment this is true, let 
us see how a bound for Vu* follows. 

Choose a point xq e M, and a unit tangent vector X e T Xq M. Let {x*} be a local coordinate 
system with X = pp at xo- Then 

Q 

— (u(x,t) -uo(x)) + A(u(x,t) -u 0 (x)) -Bt(l-t) 


< | V(u - uo)(x, t)| + A{u - uo)(x, t ) - Bt{ 1 - 1 ) 

< 0 . 


Therefore, 


0 > lim u(x,t) - -^juo(x) + A(u(x,t) -uq(x)) - Bt(l-t)} 


d 


t-> o+ t l^x 1 
d 


dx l 


= —U t (x 0 , 0) + Au t (x 0 , 0) - B. 

Since ut is bounded, an upper bound on -^rUt follows. Since X = ^p- was arbitrary, we obtain a 
bound on |V«t(x,0)|. 

To see that such a choice of A, B, and t are possible, we first note that 

(4.29) tf(x,0) = 0. 

Since |Vu| is bounded, 

^(x, r) = | V«(x, r) - Vuo(£)| + A(u(x, r) - «o(x)) - Bt{ 1 - r) 

< Ci + A|u(x, r) - rto(x)| - 5r(l - r). 

Since |i*t| is also bounded, 

A\u(x, t) - 7t 0 (x)| < C 2 At, 

hence if 0 < r < 1/2, 

T(x, r) < Ci + C 2 At - Bt{ 1 - r) 

<Ci + (C 2 A-|)t. 

Therefore, if L> is chosen large enough (depending on r, A, C i, and C 2 ), then 

(4.30) T(x,r)<0. 

We conclude that T < 0 on d (M x [0,t]). 

Assume the maximum of T is attained at a point (xo,to) which is interior (i.e., 0 < to < t). Let 

S7(u-u 0 )(x 0 ,to) 

rj =-. 

|V(n-n 0 )(x 0 ,to)| 


(4.31) 
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(4.32) 


We can extend rj locally via parallel transport along radial geodesics based at xq. By construction, 

Vr?(x 0 ) = 0, 

|V 2 r?(x 0 )| < C(g). 

By using a cut-off function, we can assume r/ is globally defined and satisfies 

M ^ i, 

with \rj | = 1 in a neighborhood of xq. 

Define 

(4.33) H = r] a V a (u - uq) + A{u - uq) - Bt{ 1 - t ). 

Since \rj\ < 1, 

(4.34) H(x,t) < T(x,t), 
and the max of H is attained at (xo,to)- Therefore, 

(4.35) C u H(x 0 ,t 0 ) < 0. 

To compute £ u H(xo,to), let 4> = 17 “V Q (u - uq). Using ()4.32l) . at (xo,to) we have 

fa = V a VaU t , 

(4.36) fat = V a VaU t t, 

V kfa = ?7 

Also, commuting derivatives and using the fact that V??(xo) = 0, we have 
Ac/) = rf AV a (u - uq) + At?" V Q (u - uq) 

= r] a \/ a {Au) - 77 " V q (Au 0 ) + Kri a V a (u - u 0 ) + Ar] a V a (u - u 0 ) 

> r/ a V a (Au) - C, 

where in the last line we have used (14.32p and the fact that |Vu| is bounded. Combining the above, 
we have 

£u4> = fat{-^u + K) - u tt A(j) + 2(Vtt t , SI fa) 

(4.37) > rfV a utt(-Au + K) - u tt {vi a V a{Au) - C} 

+ 2tj S7kUtS7k^aUt- 

Also, differentiating the equation in the direction of 7 ?, 

0 = ri a V a {utt(-Au + K) + |V?xt| 2 + /} 

= r/ a \7 Q u tt (-Au + K) - u a r] a Va(Au) + u tt r] a S7 a K + 2r?"V q V kU t VkUt + r] a Vaf- 
Combining this with (14.371) . we get 

C u ^ > (~utt){ - r] a V a K -C} + rj a V a f 
>-C , i(-« tt )-C' 2 |V/|. 

By Lemmas 14.41 and 14.31 we conclude 

(4.39) C U H > {-u tt ){ - Ci + A(-Au 0 + K)} - C 2 |V/| - 2 Af + 2B{-Au + K). 

Let 

So = min(-Au 0 + K) > 0. 

M 


(4.38) 
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Then if A > 0 is chosen large enough, the term in braces in (14.3911 is bounded below by (A/2)5q. 
Also, by (14.2111 . 


-C 2 IV/I - 2Af > -3Af, 


again if A is large enough. Therefore, 


(4.40) 

By the equation, 

hence 


1 


C U H > -A5q{-uu) - 3 Af + 2B{-Au + K). 


-utt 


|V^| 2 + / 
-Ait + K ’ 


C U H > lAd + T [ - 3 Af + 2B(-Au + K). 


2 -A u + K 
Using the arithmetic-geometric mean inequality, 

(4.41) 2(5 0 AB) 1/ V|Viq| 2 + / < + 2B(-Au + K). 

2 -Au +A 

It follows that 

0 > C U H > 2(5 0 AB) 1,2 ^/\Vut\ 2 + f - 3 Af 
>2(5 0 AB) 1/2 ^f-3Af. 

We can assume B is large enough so that 5qB > 1. Therefore, 

(4.42) 0 > 2\J~Aj - 3Af. 

Once A is fixed, since / = e/o, for e > 0 small enough we have Af « 1 , hence \f Af > 2Af, which 
contradicts (14.42 II . It follows that H (hence T) cannot have an interior maximum. □ 

Corollary 4.14. If u is an admissible solution to (* e ), there exists a constant C such that 

sup \u a \< C. 

Mx[ 0,1] 


Corollary 4.15. If u is an admissible solution to (* e ), there exists a constant C such that 

sup |Vut| < C. 

Mx[ 0,1] 

Proof. Prom the equation, 

(4.43) \Vu t \ 2 = -u tt (-Au + K)-f. 

By Propositions 14.Ill and l4~T3l the right-hand side is uniformly bounded, and a bound for |Vit*| 
follows. □ 


Next, we give an estimate for the Hessian for solutions to (* e ). 

Proposition 4.16. If u is an admissible solution to (* e ), then there is a constant C depending on 
the initial data of u such that 

sup |V 2 u| < C 
Mx[ 0,1] 
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Proof. By Proposition 14. 1 ll the trace of V 2 u is controlled, and therefore it suffices to control either 
the smallest or largest eignevalue; we will estimate the smallest. 

Since |V 2 u| is controlled on the boundary M x {0,1}, we only need an interior estimate. To this 
end, let 


(4.44) 


A min(x,t) = min V~u(x,t)(X, X) 
g x (X, X)=l 


denote the smallest eigenvalue of V 2 u at (x,t). Define 

(4.45) H = H(x,t ) = A min(x,t) - \Vu(x,t)\ 2 + 2t(l-t), 

where A,B > 0 will be specified later, but will only depend on the boundary data uq,ui. If H 
attains its minimum on the boundary M x {0,1}, then we are done. Therefore, assume H attains 
its minimum at a point (xo,to), with 0 < to < 1- Let rj e T X0 M be a unit eigenvector corresponding 
to the smallest eigenvalue A mm (x'o, to)- As in the proof of Proposition 14.131 we extend r] locally by 
parallel transport along radial geodesics originating at xq, hence rj satisfies (14.32 [i . By introducing 
a cutoff, we can assume that 77 is globally defined (in space), with \rj\ < 1 on M and \q\ = 1 near xo- 
Now let 

(4.46) 4> = &(x,t) = rfrfViVjU - |Vu | 2 + 2t(l - t). 

Then at each point (x,t) near (xo,to), 

<h(x,t) = rfrfVAjU - |Vu | 2 + 2t(l - t ) 

> ^min(x,t)\l ]\ 2 - |Vu | 2 + 2t(l~t). 

Since \i]\ 2 = 1 in a neighborhood of xo, it follows that for x near xq, 

<h(x,t) > H(x,t), 

with equality when (x,t) = (xo,to). It follows that attains a local minimum at (xoTo)> hence 

(4.47) £ u $(x 0 ,t 0 ) > 0. 

To compute let <f> = rfrfV A jU. Since Vj?(xo) = 0, at xo, we have 

eft = rfifViVjUt, 

(4.48) <ht = rfr] j WiS7jUu, 

Vkft = rfrfVkViVjUt. 

By commuting derivatives and using (|4.32[> . we also have (at xq) 

Acp = rfrf A( Vj Vju) + ArfrfVi'VjU + if Arf V jV jU 

= rfrf {viV j(Au) + V/ATVjU + VjATVjU - (VK, Vu)gij + 4 KVAju - 2K(Au)gij} 

+ A rfrfViVju + rfArfWAjU. 

Since |Vu| and |Au| are bounded, it follows 

(4.49) A f < rfrf V ; : Vj(Au) + C + C\ V 2 u|. 

Combining (j4.48[) and (14.490 . we have 

(4.50) C u (f < rf rf AJjUtt(-Au + K) - u a ViVj(Au) + 2 VkVAjU t Vk'Ut] + ( ~u u )[C + C|V 2 u|]. 

Differentiating (* e ) once gives 

0 = VjjM-Au + K) + | Vu t | 2 + /} 


(4.51) 


= VjU tt (-Au + K) + u tt (-Vj{Au) + S/jK) + 2Vj VkuAkV-t + Vjf. 
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Differentiating again 

0 = WiS/j{u tt (-Au + K) + | Vut| 2 + /} 


(4.52) 


= ViVjU t t(-Au + K) + S7jU tt (-Vi(Au) + ViK) + Vjittt(-Vi(Ait) + ViK) 

+ Utt(-ViVj(Au) + ViVjAT) + 2 ViVkUtVjVkUt + 2V k u t X7 i\7 jV k u t + ViVj/. 


By (14.511] . the cross terms above can be written 

S7iU tt (-Vj(Au ) + Vj K) + V jU tt (-X7 i(Au) + S7iK) 

ViHtfV jUtt , a 0 Vilift Villtt A 

//| crq\ — y~Au + AT) — 2 Vj V k^t V k^t ~ V j f 

it tt it tt it tt 

VjitttVjittt, n ^jUtt Vjittt 

1 a- ■ ^ ° \7 k u t VkUt - - —Vij 

u tt 


Utt Utt 

Also, commuting derivatives in the second-to-last term in (I4.52jl gives 

(4.54) 2VfctitVjVj = 2Vfcn f VfcViVjrt 4 + 2A'|Vitt| 2 5ij - 2 KViU t VjU t 


Substituting (I4.53P and (I4.54|) into (I4.52|) . pairing with r/*?/- 7 , and rearranging terms gives 


(4.55) 


0 = T 7 V'{ViVjUtt(-Au + K) + u u (-Vi\7j(Au ) + ViVjAT) + 2V k u t V k X7i V jU t 

iUttV jUtt , A r ,A -ViUtt j U tt _ 

- 2-(-Ait + A) - 2- VjS7 k utVkUt - 2 - Vi\/ k u t S/ k u t 

u tt u tt u tt 

VjUtt ViUn , ,9 

+ 2ViV fc titVj V*«t-Vj/ - Vi/ + 2AT|VittrSij - 2KViUtS7 jUt 

Utt Utt 

+ ViV,-/}. 


Notice the first three terms in (14.551) correspond to the leading terms of (I4.5UI) . Therefore, substi¬ 
tuting gives 


C u (f> < rfrf{2 


VjltttV jUtt , A ^Vilttt 


V j U tt , 


Utt 


( Ait + A) + 2 Vj VfcittV k ut + 2 VtV&itt V&itt 


(4.56) 


„ Vjittt 

— 2Vt VfcitiVj V^itt + ^jf 

Utt 

+ (-u tt )[C + C\V 2 u\]. 


Utt 

VjUtt 

Utt 


Utt 


V if 2A |Vitt| g’ij + 2ATViittVjitf ViVj| 


Let 


Wfc = ViVfcitt, 

i V iUtt 

V = T] -. 

Utt 


Then (|4.56l) implies 


C u (f> = 2v 2 utt(-Au + K ) + 4ww( Vitt) - 2|w | 2 + 211 ( 77 , V/) 
+ 77 V{ - 2A|Vitt| 2 fl r ij + 2KViU t VjUt - ViVj/} 

+ (-7x«)[C + C'|V 2 n|]. 


(4.57) 
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Note that using the equation, the first line in (14.5711 can be written 
2v 2 utt(-Au + K)+4:Vu(Vut) - 2|cu | 2 + 2v(\rj\, V/) 

< 2v 2 uu(-Au + K ) + 2u 2 | Vut | 2 + 2u|??|| V/| 

= 2v 2 {u tt (-Au + K ) + \Vu t \ 2 + /} - 2 fv 2 + 2v\r]\\ V/| 

--2fv 2 + 2v\7]\\Vf\ 

< 1 2 IV/I 2 

< —ri - 

2 1 f 
<Cf. 

where in the final inequality we used the fact that / = e/o with /o > 0 depending only on the 
boundary data for u. 

The second line in (14.5711 can be estimated as 

(4.59) -2K\Vu t \ 2 \7]\ 2 + 2K{Vu t ,r]) 2 + V 2 /(r ? ,r ? ) < |?]| 2 |V 2 /| < Cf. 

where again we used the special form of /. Combining (14.57[> . (14.58[) . and (14.59(1 we conclude 

(4.60) C u (f<Cf + (-utt)[C + C\V 2 u\]. 

Next, we recall the identity (j4.17(1 : 

C u \ Vu | 2 = 2| Vu t \ 2 (-Au + K) + (-u tt ) (2| V 2 «| 2 + 2K\Vu\ 2 - 2(VK, Vu)) 

(4.61) 

+ 4 S7 k X7iuX7 k u t ViUt - 2 (Vtt, V/). 

Writing the equation as in (14.4311 , we can estimate the first term on the second line above by 

AS7 k S7i.uS7 k u t SJiU t > -4|V 2 u|| Vu t \ 2 

(4.62) = -4\V 2 u\{(-u tt ){ - Au + if) - /} 

> -A(-u tt )\V 2 u\(-Au + K). 

Since \Au\ is bounded, it follows that 

(4.63) 4 VkViuVkUtViU t > -C(-u tt )\V 2 u\. 

Using the bound for the gradient, the last term in the second line of (14.61 p can easily be estimated 
as 

(4.64) -2( V u, V/) > -C'lV/l > -Cf. 

Substituting (14.6311 and ()4.64p into (14.61|) . we get 

(4.65) C u \Vu\ 2 > (-u tt ) (2|V 2 u | 2 - C|V 2 u|) - Cf. 

Using Lemma 14.31 we therefore have 

(4.66) £ u ( - |Vu | 2 + 2i(l - 1)) < (-u tt ) (-2|V 2 u | 2 + C\ V 2 n|) - A(Au + K) + Cf. 

Combining this with (14.601) gives 

(4.67) £ U T < (~u tt ){ - 2| V 2 tt | 2 + C\V 2 u\ + C) - 4(A u + K) + Cf. 

If |V 2 u| is large enough, we may assume that 

-2\S/ 2 u\ 2 + C\y 2 u\ + C < -\ v 2 u| 2 . 


Therefore 
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By (*e), 

1 Vutf + f ^ f 

Utt (-Au + K) " (-Au + KY 

hence 


(4.69) 

< - ( . f s V 2 u 2 - 4(A u + K) + Cf. 
(-Art + A) 

Since 

4/f|V 2 u| < ( _ A ^ +K) |V 2 u| 2 + 4(Au + A), 


it follows that 


(4.70) < -4>/7|V 2 u| + Cf. 

Since / = e/o ~ e, it follows that \fj > cof for some Co > 0. Therefore, 

(4.71) Cu'fr < (-4c 0 |V 2 u| + C)f, 

and once |V 2 u| is large enough, we conclude <0. As a consequence, either |V 2 u| is bounded 
at an interior minimum of T, or else T attains its minimum when t = 0 or t = 1. In either case we 
see that T is bounded from below, hence |V 2 u| is bounded. □ 


4.5. Existence. Using the a priori estimates, we can use the continuity argument to prove the 
following existence result: 


Proposition 4.17. For each e > 0 sufficiently small, there is a unique C°° -solution u = u e (x,t ) of 
(* e ). Furthermore, there is a constant C depending on uq,u\ (but independent of e) such that 


(4.72) 


max \ \u\ + 
Mx[0,l] L 


|Vu| + \ut\ + \utt \ + |Vrit| + |V 2 u|} < C. 


Proof. Fix 0 < eo < 1, and let 

X = {e e [eo, 1] : 3u e C 4,a n u solves (* e )}. 

By Lemma HU there is a (smooth) admissible solution u of (* e ) with e = 1. Therefore, X is 
non-empty. 

We claim that X is closed: let {m = u ei } be a sequence of admissible solutions with e* > eo > 0. 
The preceding a priori estimates imply there is a constant C (independent of e) such that 

max{|uj| + |Vu,| + \(ui) t \ + \{ui) t t\ + |(Viti)t| + |V 2 rtj|} < C. 


To apply Evans/Krylov and obtain Holder estimates for the second derivatives, we need to verify 
the concavity of the operator. To do so we will rewrite the operator as 


(4.73) 


M[u\ = u tt + 


\Vu t \ 2 + f 
-A u + K 


We view A4 as a function of the space-time Hessian of u, and to simplify the calculations let us fix 
a point xo e M and introduce normal coordinates {x l ,x 2 } based at x$. We also denote derivatives 
with respect to t with the subscript 0 ; then at xq 


M [u] = -uqo - 


u oi + n 02 + /(so) 

-Un -U22 +K(x 0 )' 


(4.74) 
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To simplify just write f(x o) = / and K(x o) = K. Expressed in this way it is easy to see that 
the equation remains elliptic: differentiating with respect to the entries of the space-time Hessian 
{ r a b }, 0 < a, b < 2, we have 

M 00 = 1 

2 r 0i 


M 0i = 


1 < i < 2 


Differentiating again, 


—rii - r 22 + K 

<*^* I K S V , 1 SUS 2 . 

—r 11 - r 2 2 + A 


A"! 00,00 = 0 

M 00 ’ 0i = 0, l<i<2 

M 00 ’ ij = 0, 1 < i, j < 2 




2 r 0i 


(-rn -r 22 + A') 2 


1 < z, fc, A < 2 
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l<i,j<2 


M 0i ’ 0j = - 

—rii - r 2 2 + K 1 

M ij,ke = 2(r oi +r g 2 + 0 s ij 5 kt , 1 < i,j,k,£ < 2 . 

(~rn -r 22 + A) 3 


Then 


(4.75) 


* siab.cdabcd 
J\4 Tj TJ = 


(-m -T22 + K) 2 
2 


[roi^+W 2 ]^ 11 ^ 22 ] 


-H(i 01 ) 2 + (>? 02 ) 2 ] + , 2(rm + r ° 2 !lU i 11 + ’i 22 ) 2 - 

Fn - f 22 + A (-rn - r 22 + A) 3 


The first term above can be estimated by 
4 


(-m - r 22 + K) 2 




[r 0 i?7 01 +r 02 7? 02 ]" 


2(^0! + Fq2 + / ) / II + 22\2_ 2 

(-rn - r 22 + A') 3 ^ ' (-rn - r 22 + K) (r^ + rg 2 + /) 


Substituting into (14.751) gives 

a Adb.cdab cd 
yvi ’ Tj Tj > 


(-rn -r 22 + K) 




(4.76) 


= 2 


>2 


( r 01 + r 02 + /) 
[(r? 01 ) 2 + (?? 02 ) 2 ](rg 1 + rg 2 + /) - [r 0 i7? 01 + ^t? 02 ] 2 
(-rn -r 22 + AT) 

r oi( 7 7° 2 ) 2 + r o 2 ( r / 01 ) 2 _ 2r 0 ir 0 2J? 01 ?? 02 


(-rn -r 2 2 +K) 


> 0 . 


It follows that A4 is a convex function of the space-time Hessian, and applying Evans-Krylov DU 
m we conclude there is a constant C = C(e) such that 
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Applying the Schauder estimates we obtain bounds on derivatives of all orders, and it follows that 
the set X is closed. 

To verify that X is open, it suffices to study the linearized equation; i.e., given ip e C°°(M x [0,1]), 
we need to solve 


C-UiV = ip 

with ip satisfying Dirichlet boundary conditions. The solvability of this linear problem follows from 
[12], Theorem 6.13. 

Since X is open, closed, and non-empty, it follows that X = [eo, 1]. This proves the existence of 
solutions. Uniqueness will follow from the following comparison lemma: 


(4.77) 


(4.78) 


Lemma 4.18. Suppose u,ue C°° are admissible and satisfy 

Of, (u) = 0 , 

Of 2 (u) = 0 , 

where fi < f 2 - Assume further that on the boundary, 

u(x, 0) = u(x, 0), 
u(x, 1 ) = u(x, 1 ). 

Then on M x [0,1]. 

(4.79) u(x,t) > u(x,t). 

Proof. For 0 < 6 < 1, define 

we = (1 - 9)u + 9u. 

Then wq = u and w\ = u. By (14.771) . 

Go{wi) - Go(wo) = Go(u) ~ Go{u) = /2 - fi > 0. 

Therefore, 

1 d 


0 < Go[u\ - Go[u] = f -^£o[we] 

Jo d0 

= £ Wg (u-u)d6 


J |(1 - 6)C u {u - u) + 9Cu{u - u)^d9 


— ^ {£-u + £"u }(fi ^)- 

Since u - u = 0 on the boundary, by the maximum principle we conclude that u - u < 0 on M x 

[ 0 , 1 ]. ‘ ‘ □ 


If u,u are solutions of (* e ) with the same boundary conditions, then we may apply the preceding 
comparison lemma with /i = /2 = e/o and conclude that u = v. This completes the proof of 
Proposition 14.171 □ 


Since we have existence and uniqueness of classical solutions for the regularized problem, we 
make the following definition: 

Definition 4.19. We say that a C * 1,1 solution u(x,t ) to (14.41) with / e 0 is regularizable if there 
exists /o e C°°(M x [0,1]) with /o > 0 and a smooth function u(x, t, e) : M x [0,1] x [0, eo) -> M with 
the following properties: 
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( i ) For each e e [0,eo) u e = u(-,-,e) satisfies 

U e (x,0) = u(x,0), u e (x, 1) = u(x,l), g efo (u e ) = 0. 

(ii) There is a constant C 2 > 0, independent of e, such that 

KI + IV - u e | + |(n e ) t | + |V 2 rt e | + \V(u e ) t \ + \(u e ) tt \ < C 2 . 

(in) For each 0 < a < 1, u e -> u in C 1,a . 

Given uq,u\ e by Proposition 14.171 we know there is a regularizable geodesic u e C 1,1 (M x 
[0,1]) connecting uo and u\. We claim that u is unique. To see this, suppose u,u are regularizable 
geodesics with the same boundary conditions. By definition, there are regularizations u(x,t,e), 
u(x,t,5), satisfying 

Gefo(Ue) = 0 , 

^<5/0 (^) = 

where /o, /o > 0. For fixed <5 > 0 and all e > 0 sufficiently small, e/o < 6/q. By Lemma 14.181 it follows 
that 

u(x,t,e) > u(x,t,5) 

for hxed 5 > 0 and all e > 0 small. Letting e -> 0, we get 

u(x,t) > u(x,t, 5). 

Letting 5 -> 0 gives 

u(x,t ) > u(x,t). 

Reversing the roles of 5 and e, we conclude that u = u. Summarizing: 

Proposition 4.20. Given uq,u\ e there is a unique regularizable C 1,1 -geodesic with 

u(x,0) = u 0 (x), 

(4-80) 

u(x, 1) = u\(x). 

4.6. Existence of geodesics in the negative cone. The regularity estimates for the geodesic 
equation in the negative cone follow almost immediately from the estimates for the positive cone 
equation. Recall from (|3.18l) that the geodesic equation is 

(4.81) wtt(-Aw + K) + | Vwt\ 2 - 0. 

Let u = -w and K = -K > 0; then we can rewrite this as 

(4.82) u tt (-Au + K) + \S7u t \ 2 = 0, 

which is precisely the geodesic equation for the positive cone. Therefore, 

Proposition 4.21. Given wo,w\ e there is a unique regularizable C 1,1 -geodesic w = w(x,t ) 
with 

w(x, 0) = w 0 (x), 
w(x, 1) = wi(x). 

5. Metric space structure 

In this section we use the existence of regularizable geodesics to define a metric space structure 
on rj\ First we show that our definition does indeed define a metric space, and then we establish 
nonpositivity of curvature in the sense of Alexandrov. For simplicity we focus entirely on the 
positive cone setting, the proofs for the negative cone being directly analogous. 
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5.1. Metric space structure. 

Definition 5.1. Given uq,u± e TJ, let d(uo,u \) denote the distance of the unique regularizable 
geodesic connecting uq to u\. 

We will establish that d does indeed define a metric space structure in what follows. First 
we establish nondegeneracy of the distance, for which we require a preliminary lemma. Then we 
establish the triangle inequality, finishing the proof. 

Lemma 5.2. Let u be a regularizable geodesic. Then u has constant energy density. 

Proof. Fixing a regularization we directly compute using the uniform C * 1,1 bounds to yield 

( ^tt dT u + | V Ut | ) dV u 

= 2 I f u t ef 0 dV u 

\ J M 

< 2 eC. 

Taking e to zero and using the convergence properties finishes the lemma. □ 

Proposition 5.3. Given uq,u\ e and u the unique regularizable geodesic connecting uq to u\, 
one has 

d{u 0l ui) > (27tx)^ 2 maxi / (u 0 - ui)K Ul dV Ul , / (ui - u 0 )K Uo dV Uo 

\Uuq>il\ J u\>uq 

Proof. Observe that the geodesic equation implies utt < 0, and so we obtain the pointwise inequality 

u t { 1 ) < ui - u 0 < u t (0). 

Thus using Holder’s inequality and the Gauss-Bonnet theorem we have 

i 

(f M u t(i) 2 K U1 dv ul y 

(2ttx) _ 2 f \u t (l)\K ul dV ul 

JM 

( 2 vrx ) _ 2 / (u 0 -u^K^dV^. 

J UQ>U\ 

{2ttxY^ / (u 1 -u 0 )K Uo dV Uo . 

J U\>UQ 

Since geodesics automatically have constant energy density by Lemma 15.21 the result follows. □ 

Our next goal is to establish the triangle inequality for the metric d. To do this we require the 
existence of approximate geodesics connecting paths in r|. The proof of the following proposition 
is a straightforward adaptation of the proof of Proposition 14.171 

Proposition 5.4. Let 7 j : [0,1] -*• denote two smooth curves of admissible conformal factors. 
There exists a smooth function / :Mx[0,l]->R>0, eo > 0, and a two-parameter family of curves 
T : [0,1] x [0,1] x (0, e 0 ] -*• r+ such that for each s, the family T(-,s,-) is a regularization of the 
unique regularizable geodesic connecting 71 (s) to 72 ( 5 ) • 

Proposition 5.5 (Triangle Inequality). Let u : [0,1] -» be a smooth curve. Given v e one 
has 


du 

~dt 


( 1 ) 


A similar argument yields 


du 


r)t 


( 0 )> 


d 

du 

2 

dt 

dt 



d(v, u±) < d(v, uq) + L(u). 
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In particular, one has 


d(v, u\) < d(v, uq) + d(v,Q,ui). 


Proof. It suffices to consder the case when v = 0 by changing basepoints. We apply Proposition 15.41 
in the case that 7 i(s) = 0, 72 (s) = u, obtaining the two-paramter family T. Let L(s,e ) denote the 
length of T(-,s,e), and let A (s) denote the length of the given curve u up to time s, i.e. 


*>-r in 


K u dV u 


da. 


The main step is to obtain a lower bound for L(s, e) + A(s). To do this we use the e-approximations 
and compute 


dL(s, e) 
ds 


r 1 1 . . 1 r dT d 2 T (dTy dT 

Jo 2 Eu ^ t,S ’ e ^ 2 Jm [ 2 dt dtds Kr (df/cU 

= f l f ^l^KrdVr-f ^ 

Jo [ dt Jm dt os Jm os 

1 r dT dT t=1 r 1 r dT 

= E u (t, s, e)“2 / -Z-KydVy - / / 

Jm ot Os t = n Jo Jm os 


dVydt 


d 2 T „ 1 

- - ay H- 

at 2 2 
9 2 T 


-Ky h — 

at 2 2 


> e u 


> - 


r 1 1 „ , ,_ 3 / f 9T9T r , \( r dT (d 2 T 1 

X r u(t ’ s ’ e) 2 [lM-m^ KrdVr )[jM-m[-W Kr + 2 

[ dr ^ dT 

Jm 


dj_ 2 

dF 

ST 2 ' 

sT 

ST 2 


V- 


dt 


dVyjdt 

dV r 

jdVrj 


dt 


r I STL 
/ “X - KydVy 

Jm I Ss I 


St 

1 

2 


ds 

-Ce. 


KydVy — Ce 


Since 


we conclude that 


d\ 

ds 

d 


L 


ST 

M | Ss 


KydVy 


— [L(s,e) + A(s)] > -Ce. 
ds 

Using the convergence properties and sending e to zero yields the result. 
Proposition 5.6. (Tf,d) is a metric space. 


□ 


Proof. This follows immediately from Propositions 15.31 and 15.51 □ 

5.2. Nonpositive curvature. Next we establish the nonpositive curvature of the metric spaces 
(r*,d) in the sense of Alexandrov. First let’s record some notation and recall the definition of 
nonpositive curvature. Given A,B e let AB(s ) denote 7 ( 5 ), where 7 : [0,1] Ti is the 

unique regularizable C 1,1 geodesic connecting A to B. Note that a priori AB(s ) is only C 1,1 , but 
this suffices for our purposes in establishing metric space properties. The condition of nonpositive 
curvature then amounts to the claim that for all A,B,C one has the inequality: 

d 2 (A, BC{s )) < (1 - s)d(A, B) 2 + sd(A, C) 2 - s( 1 - s)d(B, C ) 2 . 

The first step in establishing this is to show that Jacobi fields are convex along geodesics. 
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Lemma 5.7. Given 7 $ : [0,1] -*■ T+, let T : [0,1] x [0,1] x (0, eo] -*■ be the family guaranteed by 
Proposition\5.4\ Then for e e ( 0 , eo] one has 


m 

dT\ 

\> 

or 

Wds 

ds 1 

/“ 

ds 


-Ce. 


Proof. To simplify notation we set X = ^, Y = Then we compute 

ll y H 2 = « v x Y , V*y)> + ((S7xS7xY,Y)) 

= j|V A W|| 2 - K(X, Y) + ((v y VxX,Y)) 

> \\VxY\\ 2 + -f ((VxX,Y)) - ((WxX, S7yY)) 

as 

> !|V A -^|| 2 -Ce. 


Using this it follows that 


£un>-c. 


Combining this with the fact that Y( 0) = 0, we have 


d 


-||y(t)|| M >||U(l)||-C'e. 


Rearranging this yields 


((V X Y,Y))> 


as required. 


□ 


Proposition 5.8. The metric spaces (T^,d) are nonpositively curved in the sense of Alexandrov. 


Proof. Fix three points A,B,C e T^, let 7 i(s) = A for all s, and let 72 (s) be the an e-approximate 
geodesic B to C. Let T denote the family associated to these two paths guaranteed by Proposition 
15.41 Treating e as small but fixed, let E(s) denote the total energy of the path T (x, t,s,e ) connecting 
A to 72 (s). We aim to show that E(s) is convex up to an error of order e. We simplify notation 
and set X = , Y = . Then we compute 


1 dE(s) 

2 ds 


Next we compute, using Lemma [5171 


£((S7 Y X,X)) 

/'\y«X,U)}-«Va^)) 

Jo 


1 d 2 E(s) 

2 ds 2 




fdV r 


> ((V Y X,Y)) lt=1 + ((X,VYY)) lt=1 -Ce 

* \\nU-Ce 

> d(B, C) 2 - Ce. 
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It follows directly that 

E(s) < (1 - s)E( 0 ) + sE( 1 ) - s( 1 - s) ( d(B , C) 2 - Ce ) . 

Note that for each s the energies E(s ) converge as e -> 0 to d(A, BC(s)) 2 , thus we conclude by 
sending e to zero in the above inequality that 

d 2 {A, BC(s )) < (1 - s)d(A, B f + sd(A, C) 2 - s(l - s)d(B, C ) 2 , 

as required. □ 

Proof of Theorem \1.1[ This follows directly from Propositions 14 . 20114 . 21115.61 and 15.81 □ 


6. Functional determinant and the inverse Gauss curvature flow 


In [21], Polyakov proved a remarkable formula for the ratio of regularized determinants of two 
conformal metrics. Given conformal metrics go and g u = e 2u g on a surface M, 


( 6 . 1 ) 


log 


det(-A s J 


—~ [ (|Vow| 2 + 2 Kqu) dA 0 . 

12n JM 


det(-Ao) 

The integral in this formula is often referred to as the Liouville energy, and we will denote it by J: 

(6.2) J[u] = f |Vo , w| 2 dAo + 2 f Kqu dA$. 

Jm J 

Since J is not scale-invariant, it is convenient to also consider the normalized version of J, which 
we denote by S: and we denote the (normalized) version by F : IT 1,2 ->■ K 

(6.3) F[u\ = f \V 0 u\ 2 dA 0 + 2 [ K 0 udA 0 -( f K 0 dA 0 ) log ( / e 2 ^), 

Jm Jm Jm v Jm > 

where f denotes the normalized integral 

[ fdA 0 

Jm 


/. 


fdA 0 


[ < 
Jm 


dAn 


Note that <S[u + c] = S[u] for any real number c. 
A first variation calculation of J at u is 


(J') u (u) = J[u + si/] 
as 


s =0 


(6.4) 

and a hrst variation of F is 

(6.5) 


f ~ A 0 + K 0 )dA 0 

Jm 


K u dA u , 


(F') u (u') = 2 f u'{K u - K u )dA u , 

Jm 


f 

K =^~ 

TVoi — r- 


Kn, dA h 


f dA h 

Jm 


where 
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We want to consider the (negative) gradient flow for F with respect to the metric we have defined 
for r{. In view of (16.51) and ([2. 31) . 


( 6 . 6 ) 


(F') u {v!) = 2 f u\K u -K u )dA. 

JM 

r , , {k u -k u ) 

Jm U IF, 


K u dAo. 


I i (K-u Ku) \ 

= K~ u W 

It follows that the (negative) gradient flow for F is given by 


(6.7) 

or written in metric terms, 


8u (K u ) -K u 
dt K u 


( 6 . 8 ) 



2 ( 


K-K 

K 


)a- 


We will refer to (HD and (16.81) as the inverse Gauss curvature flow, or IGCF. For the cone of 
metrics with negative curvature, the flow is defined by 


du (K u - K u ) 
dt K u 


( 6 . 10 ) 


d_ 

dt 


9 = 2( 


K-K, 


6.1. Formal Properties. In this section we establish the geodesic convexity of the Liouville en¬ 
ergy, the convexity of the normalized Liouville energy along flow lines as well as the monotonicity 
of distances along flow lines. Remarkably, all three properties rely on a sharp application of a 
curvature-weighted Poincare inequality [1]. We include the short proof as this result seems to not 
be well-known. 


Proposition 6.1. (Andrews m, cf. i pg. 51 7) Let ( M n ,g) be a closed Riemannian manifold 
with positive Ricci curvature. Given cj) e C°°(M ) such that f M fldV = 0, then 

—— [ ffldV < [ (Rc~ 1 ) U S7i(j)X7 j4>dV, 
n-1 Jm Jm v ' 

with equality if and only if (f e 0 or ( M n ,g ) is isometric to the round sphere. 


Proof. Since f M 0 = 0 there exists if such that A if = cf. Observe that 



[■ 

Jm 


V -,;V j-0V jV jif - 


n 


’Ml [ tf dv - 

n Jm 



Moreover 

J (RcT 1 )^ [Vj0 + 6Rc ifc V fc 0] [Vj0 + bRcji S7iif] 

= f (Rc' 1 )' J V i cfV j cf-2bf) 2 + b 2 Rc kl V k i(V l if. 
Jm k ' 
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Combining these and choosing a = b 1 = yields 


J |v 2 ^-— 9 +a2 f A (Rc ^ [W i( /) + bRc ik Wk^] [Vj> + 6Rcj { Vi^] 

[ ' 


n — 1 
n 

n - 1 
n 


- 2a 2 6j 0 2 + [-1 + a 2 b 2 ] Rc„ V^’V^ + a 2 (Rc 1 ) u VicfVjf) 

f f> 2 + (^-) f (Rc -1 )‘ J Vi0Vj0. 

Jm \ n ) Jm v 7 

The inequality follows. In the case of equality, one observes that in fact ^ is a solution of 

V 2 ^-—3 = 0. 

n 

Since M is compact, it follows from m that either if e 0 or ( M n ,g ) is isometric to the round 
sphere. □ 

Proposition 6.2. The functional F is geodesically convex. 

Proof. In the positive cone, we use Lemma 13.31 and the geodesic equation to compute along a 
geodesic, 


47T 


= 47rA„ 


>0, 


Jm 

JA:* ui 


A u z nt ZutdAy'j + 2A U 1 


cL4,, 


cL4„ - 2 


u. 


M 


t dA u A u 


M 


u t dA t 


where the last line follows from Proposition 16.11 In the negative cone an analogous calculation 
yields 


^ F i u t ] = 2 vr (-\)^ u 1 
> 0. 


f — r— | Vttt| 2 dA u + 2 [ f u 2 dA u - A 1 i f u t dA % 

Jm -K u \Jm \Jm 


□ 


Proposition 6.3. Given u a solution to IGCF, one has 

Am >_ o. 


Proof. If u e Tt, using (16.5b we have for a solution to IGCF flow 

d 


dt 


-F 


[ (i-Ld 2 

Jm l K„ ) 

Jm 

= 2t t X (M)-K 2 u f ±- 

JM K,. 


KydAy 

■2 


1 _2Ku + Ky 

Ku Kl 


K u dA u 
dA u . 
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Hence we have 


dt 2 dt 


A 2 


Au 

A 3 , 


(2; r X y r J_ 

JM K u 

f 


(^x? U± A 


dA 

1 


dt 


M K, 


dA u A u 


d 


L 


l 


dt JM K,, 


dA v 


[2 (~2A U + 2K U f —— dAy\ f -—dA n 
L V Jm K u / Jm K u 

~A U f 2 f-l + ^A^-dA u 
J M y dC u J K u 

-A u f (-— + ‘^ + ^A—)dA u ] 
Jm{ K u K 2 K 2 K u ) u \ 

^ 27rx ' )2 hx u ( f —dA u X-AA u K u [ -X 
\ Jm K u ) Jm K 2 

4 K u ( f —dA u ) -4 A U K U [ -J- 

\JmK u ) JmK 2 


— r 1 1 

dA u - A U K U / A dA v 
Jm K 2 K u 


dA u + 2 A U K U 


r 1 

1 

2 

Jm K u 

<1 

IT 

dA u 


Au 

= ( 2 ttx ) 2 
Au 

I 67 r 3 x 3 

> 0 , 

where the last line follows from Proposition 16.11 A similar calculation when u e T^ yields 


r 1 \ 2 

r 1 

II 2 1 

— dA, + — 

V —- dA u 

Jm K u J 

Jm K u 

K 

IY u 1 


d 2 r = 16?r 3 x 3 
dt 2 Al 
> 0 , 


'■L 


(—-A: 1 [ —) 2 + [ — 

Jm K u J j A: 


M \ K u 


M Ku 


V- 


K 


dA n 


since both terms on the right hand side are nonnegative. 


□ 


Remark 6.4. The inverse Gauss curvature flow also has the remarkable quality of monotonically 
decreasing distances in P|. This is in direct analogy with the fact that the Calabi flow decreases 
distances in the Mabuchi metric |4j. 

Proposition 6.5. Let u(s,t ) s e [0,1 ],t € [0,T) be a smooth two-parameter family of conformal 
factors such that for all s e [0,1], the family u(s, •) is a solution to IGCF. Then 

X-L(u(-,t)) <0. 


Proof. For the positive cone, we directly compute 

d „, , . „ „ d f /9 «' 2 
dt Jo 

1 r 1 


r* \ r~ 

= — / I 'U's\y j I \^'U'ts'U j sK u — dA u ds. 

J 0 J J\I 
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Now we compute 


d 

Uts — o 
OS 


K„ 


Kv 

K„ 


- 1 


i d i 

~A U + y (Au s + 2u s K u ') 


A u K u 8s Kl 


K,„ 


A 


-— f : 

,.K„. Jm 


1 


2u s dA u + 2 Au$ a 

'A y 


2us 

K„. 


Hence 


I ‘2‘U^ s u s K u dA^ J 

Jm 


= 2 K, 


Im[ 2AuKu J m 


u s dA u + K u Au s a 2 K u u s u s K u dA u 


= 4i^A; 


4 K U A~ U 


) Au f 

1 \a u f 

Jh 


u s dA u 


u 2 s dA u 


-\f 

L Jm 

f 

Jm 


UsdAo, 


+ 2 K, 


J K u ' 


u s Au s dA u 


u*d A,, 


2K. 


f [K~ l |Vu/ + u a {Vu s , VK- 1 )] dA u . 

Jm 


Also 


I u s Au t dA u — 2 / u s (Vu t ,Vu s )dA u 

Jm Jm 

. f u s (Vu s , S/K~ 1 )dA v 
Jm ' 1 


2K n 


Collecting these calculations yields 

d n 


UsdA v 


jL(u(;t))= - f K u \u s \u [ K- 1 \Vu s \ 2 dA u -2 fui + 2A~ ] f 
dt Jo [Jm Jm L Jm 

<0, 

using Proposition 16.11 In the negative cone a closely related calculation yields 

jL(u(;t))= - r\-K)\u a \?\f (-K u y l \Vu s \ 2 dA u + 2 f u 2 s - 2A~ 1 \f ; 

dt Jo [Jm Jm L Jm 

< 0 , 

using the Cauchy-Schwarz inequality. 


ds 


n 2 


sdA, 


ds 


□ 


6.2. Higher genus surfaces. In this section we analyze the IGCF in the space of conformal 
metrics of negative curvature. To simplify notation we drop the subscript u and write (16.91) as 


( 6 . 11 ) 


d K- K 


dt U K 


In the following, the curvature and other metric-dependent quantities will be understood to be with 
respect to g\ all quantities with a subscript 0 are with with respect to a fixed background metric 
go which we may take to be the initial metric. 


Lemma 6.6. Let u be a solution to \6.11\) . Then 
























RIEMANNIAN STRUCTURE ON CONFORMAL CLASSES AND INVERSE GAUSS CURVATURE FLOW 35 


Proof. We directly compute 


P< = | 

dt dt 


i-K = ^-e~ 2u [-A go u + K 0 ] 


2uK - e~ 2u A go u 


2K 


K - K 
K 


■A 


9u 


K-K 

K 


= KA^ + 2(K-K) 

- -§±K + 2§\VK? + 2(K-K). 


□ 


Proposition 6.7. Let u be a solution to \6.11\) . Then for 0 <t <T, 

inf Kq < K < sup Kq. 

M M 

Proof. We apply the maximum principle to the result of Lemma [6.61 At a minimum point, certainly 
—pA K > 0 (since K < 0), SJK = 0, and K < K. It follows that the minimum of K is nondecreasing 
along the flow. A similar argument shows that the maximum is nonincreasing. □ 

Proposition 6 . 8 . Let u be a solution to \6.11\) . There exists a constant C = C(M,uq) such that 
for all 0 < t < T, 

M < c. 

Proof. We apply the maximum principle directly to (16.111) . At a spacetime minimum point for u , 
we have A go u > 0 , and hence 


d_ 

dt 


u = 1 


K 

K 


= 1 - 


> 1 


K 


e 2u (-Aqu + Kq) 
K 


S 2u Kn 


i K 

= 1-e 


2 u 


Kn 


> 0 , 


if u(x,t ) < - log hU ip V ° . Similarly, at a spacetime maximum one has A go u < 0 and hence 


d , K 

—u =1 - 

dt K 


< 1 


K 


~ 2u Ki 


o 


1-^e- 

Ko 


<0, 


if u(x,t ) > i log llLJfji_ The result follows. 


□ 



















36 


MATTHEW GURSKY AND JEFFREY STREETS 


Next, we use the a priori estimates of Propositions 16.71 and 16.81 to prove higher order estimates. 
In what follows we will assume there is a constant A such that 

(6.12) -A<AT<-A _1 , ju|<A. 

Furthermore, given a smooth solution to (16.lip satisfying these bounds, we adopt the notation that 
Xj refers to any quantity which is uniformly controlled along the flow in terms of A. 

We begin with a gradient estimate for solutions: 

Lemma 6.9. Let u be a solution to \6.11\) satisfying \6.12\) . Then 


IV(H 2 < - -^A 0 |Vu|o + ^e~ 2u [vfHo + <?i(|Vn|o + 1), 

where C\ depends on the initial data and A. 

Proof. We first compute that 


d d 




= - KWqK 


= jp^o\e 2 u (-A 0 u + K 0 )] 

= er 2u [-V 0 A 0 u] - 2^Vo U + ^e~ 2u V 0 K 0 

K 

= - -j^AVqu + X\ * VjU + X 2 . 


□ 


Lemma 6.10. Let u he a solution to satisfying \6.1X) . Given Z a smooth vector field on 

M, one has 

d ~K 

—S7 0 z \7 0 z u < - —A 0 S7 z S7° z u + VoZ * VnU + Ai * V°V°u + A 2 * (Vu)* 2 + X 3 . 
ot K- 

Proof. First we compute 


^ Y 7 O Y 7 O „ _ ryO ryO 

V ^ V Z U ~ v Z \ Z 


K - K 
I\ 


-KW° Z V Z K 1 

T( 2 ~K 

— y 0 z V° z K - —V Z K 0 V Z K 

jp V^Vz [e~ 2u (-A 0 u + K 0 )] - -j^VzK 0 V Z K 


K 


=» ^[(VzVze 2u ) e 2u I\ - 2X7° z e 2u V z (e 2u K) + e 2u V° z V° z (-A 0 u + K 0 )] 
2 ~K 

~ - 77 TV zK < 8 > VzK. 

K* 

< - -^e~ 2u V 0 z V 0 z A 0 u + X\ * V° z V° z u + X 2 * ( S7u)* 2 + X 3 , 
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where we applied the Cauchy-Schwarz inequality in the final line. Next, we commute derivatives 
to yield 

VzVzAo«= V^v|v° V°u 
= V 4 u(Z, Z,ei,ei) 

= V 4 n(ej, ej, Z, Z) + IFo x + VATo * Vu 
= A 0 (Vo«(Z, Z)) + VoZ * VqU + VqM * ('VqZ + (V 0 Z)* 2 ) 

+ Kq * + V/Co * Vrt. 

□ 


Proposition 6.11. Given a controlled solution to 116.11)) on [0, T) there exists a constant C = 
C(A,uq) such that 

sup |Vo«| < c. 

Mx[0,T) 


Proof. Fix some constant A and consider the function 


m = 


max 

XeT p M\{ 0} 


Vp u(X,X) 
\X\ 2 


This is continuous, and an upper bound for /3 implies an upper bound for the Hessian of u. Fix a 
constant A and consider the function 


t) =t/3 + A | Vri|g . 

We claim that for A chosen sufficiently large that there is an a priori bound for an interior maximum 
on [0,1]. Suppose some point ( x,t ) is such an interior spacetime maximum for $. Fix a unit vector 
Z e T X M realizing the supremum in the definition of /3(x). We may extend Z in a neighborhood 
of x by parallel transport along radial geodesics. This yields 


\Z\ = 1 on B e (x) 

V^Z(x) = 0 for all X 
|vgZ|(s)< C(go). 

We may extend Z to all of M by multiplying by a cutoff function. We observe that the function 

T(x,t) = iVo(Z, Z) + H|Vu|q 

also has a spacetime maximum at ( x,t ). Combining Lemmas 16.91 and 16.101 yields that, at x, 


0 < 
< 


d K T 

dt K 2 

Vo Z * VqM + Ti* V°V°u + A 2 * (S7u)* 2 + X 3 
+ A 


^e- 2 u \v 2 0 uf 0 + c \Vu \ 2 0 + C 


-6\s7 2 u\ 2 0 + C, 


where the last line follows by choosing A sufficiently large with respect to A and using the a priori 
gradient bound. This implies an a priori upper bound for the Hessian of u at (x,f), and hence 
since t < 1 an a priori bound for T at ( x,t ). This yields an a priori upper bound for V^V^rx for 
any interior time t > e. Combined with some ineffective estimate depending on the given solution 
for [0,e) yields an a priori upper bound on [0,T). Since the Laplacian of u is uniformly bounded 
below, this then yields the full a priori Hessian bound. □ 
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Proposition 6.12. Let (A/ 2 , go) be a compact Riemann surface such that Kq < 0. Given u e 
the solution to \6.11\) exists for all time and converges exponentially to a metric of constant negative 
scalar curvature. 


Proof. Propositions 16. Bl and 16.71 guarantee uniform estimates on u, I\ and j^. Proposition 16. Ill then 

implies a uniform estimate for the Hessian of u. We now observe that the operator <h(u) = 
is convex, and with the uniform upper and lower bounds on curvature, is uniformly elliptic. Thus 
the Evans-Krylov theorem eh], m yields an a priori C 2,a estimate for u. Schauder estimates can 
then be applied to obtain estimates of every C k,a norm of u. It follows that the solution exists 
on [0, oo) and every sequence of times approaching infinity admits a subsequence such that { utf\ 
converges to a limiting function Uoo- Using that the flow is the gradient flow for F it follows easily 
that the limiting metric Uoo has constant curvature, and since this metric is unique the whole flow 
converges to Uoo- □ 


6.3. The sphere. We now consider the case of Kq > 0, and so M 
the flow 


(6.13) 



K -1< 
K 


S 2 . In this case we are studying 


6.3.1. Evolution Equations. To begin we build up some evolution equations. First we rewrite the 
evolution of u in terms of the linearized operator. 


Lemma 6.13. Given u a solution to \6.1S I) we have 


d K 2K e~ 2u K 0 K 

- U = -rAu - 1 +--- 

dt K 2 I< K 2 


Proof. To begin we compute 

Hence using (16.131) we have 


I< e~ 2u K 0 K 
K K 2 


as required. 


d I< A K-K K e~ 2u K 0 K 

m u --Kp u ‘~ir + K - 


1 + 


2K 

~K 


<f 2u KnK 


K 2 


□ 


Lemma 6.14. Let u be a solution to \6.13\ ) . Then 


(6.14) 

Proof. We directly compute 


—K = -^A K - 2 — + 2 (K - K) . 

dt K 2 y ’ 


K 3 


—K = — e~ 2u [-A»u + K 0 ] 
dt dt 1 90 UJ 

= - 2iiK - e~ 2u A go u 


= -2K 


I< - K 
K 


-KA¬ 

IL 


= iAA - 2 A l V f +2 (K- K) 


K 2 


K 3 


as required. 


□ 
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Lemma 6.15. Given u a solution to \6.13\ ) we have 


d 


--K _1 = -^-A K~ L - 2K 1 + 2^-. 


K 


K 


Proof. We compute 


dt 


^K- 1 

dt 


I \ 2 


K 2 


eE 

K 2 


[2u t K + e 2 “A go u t \ 


K 2 

= E-AK- 1 -2K- 1 + 2^-, 

K 2 K 2 ’ 


as required. 

Lemma 6.16. Let u be a solution to \6.13\) . Then 

A{t) = A(0)e 2(F[uo] ~ F[ut]) . 


Proof. We observe 


-A=- f e 2u dV 0 
dt dt Jm 


d 


I 


K - K 


M K 
K 

-2 + 


dV u 


K r 1 

A 2 JmK 


dVu 


- -2.4 A 

dt 

Integrating this ODE we conclude the result. 

Lemma 6.17. Let u be a solution to \6.13\ ) . Then 

J m (I Vn| 2 + 2K 0 u ) dV 0 = (| Vu 0 |" + 2K 0 u 0 ) dV 0 . 

Proof. One observes that 

(|Vu| 2 + 2 K 0 u) dVo = F[u] + log A, 
and the result follows directly from the calculation of Lemma 16.161 
6.3.2. A priori estimates. 


□ 


□ 


□ 


Proposition 6.18. Let u be a solution to \6.13\ ) . For all smooth existence times t of the flow one 
has 


2 1 


sup li"<supivoe 
Mx{t} M 

Proof. This follows directly from the maximum principle applied to (I6.14p . 


□ 


Proposition 6.19. Let u be a solution to \6.13\) . For all smooth existence times t of the flow one 
has 


inf u > inf uq -1. 

Mx{t} M 
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Proof. We observe that at a spacetime minimum for u, one has A qo u > 0, and hence 


d 1 K 
—u = - 1 + — 
dt I< 

Ke 2u 

> - 1 + 


K, 


o 

> - 1 . 

The result follows from the maximum principle. □ 

Proposition 6.20. Let u be a solution to \6. lift) . There exists a constant C = such that for 

all smooth existence times t of the flow one has 

\\Vu(t)\\ 2 L2 <C[l + t] 

Proof. We use Lemma [6. 171 with the estimate of Proposition 16.191 to yield 

llVtilli* = J~ (| Vu| 2 + 2Kqu - 2Kqu) dVo 

= (|Vuo| 2 + 2Kouo) dVo - 2 Kq udV o 

< C - C inf u 

< C(l+t). 

□ 

Proposition 6.21. Let u be a solution to \6.1S\ ) on [0,T). There exists a constant C = C(uq,T) 
such one has 

sup |u| < C. 

Mx[0,T) 

Proof. First from Proposition 16.201 there is a time-dependent bound on ||Vu||x, 2 . By the Moser- 
Trudinger inequality we obtain a uniform estimate of f M e^dVo. We now claim that there is a 
uniform constant R > 0 so that 


f \K t \ dVt < 2-jt. 
Jb r (xo) 


sup 

/reS 2 ,te[0,T) JBr{xq) 

Using Proposition 16.181 we estimate 

f \Kf\dVt = f K t e 2ut dV 0 

■JB r (x o) JB r (x o) 

<C f e 2ut dV 0 

J Br(xq) 


< c 


IL 


s 4 l“ t| dUr 


B r (xo) 


L 


dV n 


LJb r (x 0 ) 


< CR 

< 2i r, 


where the last inequality follows by choosing R small with respect to C. Invoking [26] Theorem 
3.2 we conclude a uniform H | bound for u, which by the Sobolev inequality implies the uniform 
bound for u. □ 

Proposition 6.22. Let u be a solution to \6.13\) on [0,T) such that |u| < A. There exists a constant 
C = C(T,uq) such that 
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Proof. Let <5 = tK 1 + Au, where A > 0 is a constant yet to be determined. Using Lemmas 16.131 
16.151 and Proposition 16.211 we have 

$ = - 2K 1 + 2 KK~ 2 +A[-1 + 2KK 1 - e~ 2u K 0 KK “ 2 ] 

< K~ 2 [C + CAK - 5A ]. 

where the constant 5 > 0 is determined by the upper bound for u. If we choose A sufficiently large 
with respect to <5, then at a sufficiently large maximum for K _1 we obtain 

r 

C + CAK -5A<C —A < 0. 

2 

The result follows from the maximum principle. □ 

Proposition 6.23. Let ( M 2 ,go ) be a compact Riemann surface such that Kq > 0. Given u e 
C°°(M), the solution to &6.131) exists for all time. 

Proof. Combining Propositions 16.21116.181 and 16.221 we obtain uniform estimates on u , K, and K 
for any finite existence time T. Given these the higher order estimates follow as in the proof of 
Proposition 16. 1 ll and Theorem 16.121 and so the long time existence follows. □ 

Proposition 6.24. Given ( S 2 ,g 52 ), and u e T^, the solution to \6.13\) exists for all time and 
converges weakly in the distance topology to a minimizer for F in the completion (r|,d). 

Proof. We provide a sketch of the proof, as the key ingredients have been established already and 
the result follows formally from prior results. The principal tool we require is a general result [2] 
concerning convergence of weak gradient flows in metric spaces. 

As we have established that (Pj - , d) is NPC and convex by unique regularizable C 1,1 geodesics, the 
argument of ([21] Lemma 5.9) shows that the completion (T 1 ,d) is also an NPC space. Moreover, 
let F denote the extension of F to T 1 via its canonical lower-semicontinuous extension. Following 
the argument of m Lemma 5.15), it follows that F is geodesically convex. Moreover, we know 
that the minimum of F is attained by any constant curvature metric, which exists by assumption. It 
follows that these also realize the minimum of F. Hence we have verified the setup of ([L8j Theorem 

1.13) , guaranteeing the existence of a global weak solution to the gradient flow of F with arbitrary 
initial data. Moreover, following the argument of ([ 25 ] Theorem 1.1) we can verify that the smooth 
global solutions of Proposition 16.231 coincide with the weak solutions constructed via ( jl8 l Theorem 

1.13) . The convergence of the weak flows, and hence the smooth flows, to a minimizer for F in the 

weak distance topology now follows from [2] Theorem 1.5. □ 

Proof of Theorem 1 1.2\ The required results follow from Propositions 16.3116.5116.12116.231 and 16.241 

□ 
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